Abstract. We investigate the geometry in a real Euclidean building X of type A2 of some simple configurations in the associated projective plane at infinity P, seen as ideal configurations in X, and relate it with the projective invariants (from the cross ratio on P). In particular we establish a geometric classification of generic triples of ideal chambers of X and relate it with the triple ratio of triples of flags.
Introduction
The triples of objects in the boundaries of spaces X with geometric structures are basic tools, for example in the study of surface group representations. For instance, in the cas where X = H 2 , they may be used to define the notion of Euler class [Go80] , and Penner-Thurston shear coordinates on the Teichmüller space. In the case where X = H 2 C , the ideal triples are classified by Cartan's angular invariant (see for example [Go99, §7.1]), and they may be used to define Toledo's invariant and maximal representations, (see [Tol89] . See for instance [BIW10] for generalization to higher rank Hermitian symmetric spaces X and the link with triples in their Shilov boundary. In hyperbolic geometry, the interplay between the geometry of the hyperbolic space X and the projective geometry of the associated projective line at infinity ∂ ∞ X is fundamental, and invariants of ideal configurations are often defined using cross ratios. For higher rank symmetric spaces X of type A N −1 (e.g. corresponding to the group PGL N (R)), ideal configurations in X may be seen as configurations in the projective space P = P(R N ). In particular, ideal chambers of X correspond to complete flags in P, and generic pairs of flags (or generic N -tuples of points) in P correspond to maximal flats in X. This is still true in the non-Archimedean setting, i.e. for X a Euclidean building of type A N −1 (replacing R by a ultrametric valuated field K). Configurations in projective spaces have been widely studied and used. In particular, triples of flags in P(R 3 ) and their classical invariant, the triple ratio, are the basic building block to define generalized shearing coordinates for higher Teichmüller space [FoGo06] (representations of surface groups in G = SL 3 (R)).
In this article, we investigate the geometry in an Euclidean building X of type A 2 of some simple ideal configurations, mainly the generic triples of ideal chambers, and the relationship with their projective geometry in the projective plane P. Our first motivation is to use it to study actions of punctured surface groups on A 2 -Euclidean buildings X, using ideal triangulations and a geometric interpretation in X of Fock-Goncharov parameters (see [Par15] ). The main result is a classification of ideal triples of chambers by the geometry of the naturally associated flats in X, in relation with their triple ratio as triples of flags in P. In the case where X is a real tree (e.g. a real building of type A 1 ), any generic ideal triple bounds a tripod in X, that is a convex subset consisting of union of three rays from a point x ∈ X (the center of the tripod). This is no longer the case in general in higher rank buildings like A 2 buildings, and many types of configurations are possible. A special case was studied by A. Balser, who established a caracterisation of triples of points in ∂ ∞ X bounding a tripod in X [Bal08] (and used it to study convex rank 1 subsets in A 2 -buildings). We give here a complete and precise description.
We now get in more details. Let X be a real Euclidean building of (vectorial) type A 2 , i.e. with model flat the Euclidean plane A = {α = (α 1 , α 2 , α 3 ) ∈ R 3 / i α i = 0}, endowed with the finite reflection group W = S 3 (acting by permutation of the coordinates). Note that X is not necessarily discrete (simplicial) nor locally compact, and possibly exotic.
The boundary at infinity of X may be identified with the incidence graph of an associated projective plane P = P ∞ (X), equipped with a R-valued (additive) cross ratio (or projective valuation) β defined on quadruples of collinear points in P [Tits86] . In the algebraic case, i.e. when X is the Bruhat-Tits building X(K 3 ) associated with PGL(K 3 ) for some ultrametric field K, then P is the classical projective plane P(K 3 ) and β is the logarithm of the absolute value β = log |b| of the usual K-valued cross ratio b. We will then call β the geometric cross ratio and b the algebraic cross ratio to distinguish them. Conventions on cross ratios are taken such that b(∞, −1, 0Z) = Z (following [FoGo06] ).
We now turn to ideal triples of chambers. Let T = (F 1 , F 2 , F 3 ) be a generic triple of chambers at infinity of X. We denote by F i = (p i , D i ) the corresponding flag of P, with p i the point and D i the line. The set {1, 2, 3} of indices will be canonically identified with Z/3Z.
In the algebraic case, P = P(K 3 ), and generic triples of flags (F 1 , F 2 , F 3 ) are classified by one K-valued invariant, the (algebraic) triple ratio (see for example [FoGo06, §9.4] ), that may be defined by:
where p ij = D i ∩D j . We recall that it is invariant under cyclic permutations of T = (F 1 , F 2 , F 3 ), and reversing the order we get Tri(T ) = Tri(T ) −1 where T = (F 3 , F 2 , F 1 ).
In the general case, we introduce an invariant for generic triples of flags in P, generalizing the usual triple ratio the (geometric) triple ratio, which still make sense then the building X is exotic (non algebraic), whereas the usual triple ratio is not defined anymore. We define it as the triple of following cross ratios in P, obtained from the four lines D 1 , p 1 p 2 , p 1 p 23 , p 1 p 3 by cyclic permutation of the three last one.
To simplify, we denote from now on z m = tri m (F 1 , F 2 , F 3 ) ∈ R. In the algebraic case P = P(K 3 ), we have z 1 = log |Z|, z 2 = − log |1 + Z| and z 3 = log 1 + Z −1 where Z ∈ K is the usual algebraic triple ratio Tri(T ) of the triple T . The geometric triple ratio z = tri(T ) = (z 1 , z 2 , z 3 ) enjoys the following properties. It is invariant by cyclic permutations of the flags, and reversing the order we get tri 1 (T ) = − tri 1 (T ), tri 2 (T ) = − tri 3 (T ). We also have z 1 + z 2 + z 3 = 0, and the stronger following property : for all m ∈ Z/3Z, if tri m (T ) > 0 then z m−1 (T ) = 0 and z m+1 (T ) = −z m (T ) < 0. Note that the three natural cases: z ∈ R + (0, 1, −1), z ∈ R + (−1, 0, 1), and z ∈ R + (1, −1, 0) subdivide in two types, as the case z 1 = 0 is invariant under reversing the order of T , whereas the two other cases are exchanged.
We now turn to the geometry in the interior of the Euclidean building X. A generic triple of ideal chambers (F 1 , F 2 , F 3 ) defines five natural flats in X: the three flats A ij = A(F i , F j ) joining the opposite chamber F i and F j , the flat A p = A(p 1 , p 2 , p 3 ) joining the generic triple of ideal singular points (p 1 , p 2 , p 3 ), and the flat
). We will show that there are also six particular points in X naturally associated with the configuration, that may be defined as the orthogonal projections y i and y * i (which happen to be unique) of the boundary points p i and D i on the flat A jk where j = i + 1 and k = i + 2.
We say that (F 1 , F 2 , F 3 ) is of type "tripod" if there exists a tripod in X joining the three (middle points of the) ideal chambers (F 1 , F 2 , F 3 ). The set of centers of such tripods is the intersection I of the three flats A ij .
We show that either the three flats A ij have nonempty intersection, i.e. (F 1 , F 2 , F 3 ) is of type "tripod", or the two flats A p and A D have non empty intersection ∆, which is then a flat singular triangle (that is, a triangle in A with singular sides) (we then say that (F 1 , F 2 , F 3 ) is of type "flat"). The two following results describe more precisely the two possible types, and relate them with the points y i , y * i and the geometric triple ratio z. We denote by C = {α ∈ A/ α 1 > α 2 > α 3 } the model Weyl chamber of A and we use the corresponding simple roots coordinates on A, that is α = (α 1 − α 2 , α 2 − α 3 ). The special case where hypotheses of both Theorems 1 and 2 are satisfied correspond to the case where z 1 = z 2 = z 3 = 0. Then the five flats intersect in an unique point x, and, in the spherical building of directions at x, the triple of chambers induced by T = (F 3 , F 2 , F 1 ) is generic.
In particular we recover the caracterization of [Bal08] for triples of points in ∂ ∞ X bounding a tripod in X. Note that M. Talbi established some analogous geometric classification for interior triangles in discrete Euclidean buildings of type A 2 [Tal01] .
Theorem 2 will be used in [Par15] to study actions of punctured surface groups on Euclidean buildings of type A 2 , using Fock-Goncharov parameters on ideal triangulations. Theorem 2 enables us to associate to each triangle of the triangulation a flat singular triangle in X, and, under simple hypotheses, connecting them by gluing flat strips between their edges, we obtain explicit
In A ij , with j = i + 1. nice invariant subcomplexes. This allows to describe length spectra for large families of degenerations of convex projective structures on surfaces.
We also show that generic quadruples in P define a nice center in X, with various characterizations, see Proposition 6 (this result generalizes to higer rank R-buildings of type A N −1 ). Aknowledgments. I would like to thank Frédéric Paulin for usefull discussions and comments. I also want to thank the members of the Institut Fourier for their support. 
Its closure C is a strict fundamental domain for the action of W on A. Recall that two nonzero vectors α and α of A are called opposite if α = −α. Similarly, two Weyl chambers C and C + of A are opposite if C + = −C. The type of a vector α ∈ A is its projection (modulo W ) in C.
We denote by ∂A the sphere of unitary vectors in A, identified with the set P + (A) = (A − {0})/R >0 of rays issued from 0, and by ∂ : A − {0} → ∂A the corresponding projection. The type (of direction) of a nonzero vector α ∈ A is its canonical projection in ∂C.
We 
The simple roots (associated with C) are the following linear forms on A
for i = 1, . . . , N − 1. The set of simple roots is denoted by Λ. We will also use the root ϕ N : α → α N − α 1 satisfying The vector space A is endowed with the unique W -invariant Euclidean scalar product, which is well defined up to homothety (induced by the standard Euclidean scalar product of R N ). We will normalize it by requiring that the simple roots have unit norm, i.e. the distance between the two hyperplanes with equation ϕ i = 0 and ϕ i = 1 is 1 for one (all) i. When dim A = 1, we will identify A with R by the basis {[ε 1 ]}, i.e. by the map s → s[(1, 0)] (which is an isometry in the above normalization).
1.2. Projective spaces. We here collect notations and definitions for projective spaces, which will be used throughout this article. Let P be projective space of dimension N −1, with N ≥ 2. We denote by flags(P) the set of flags of P, that is increasing sequences (V 1 , . . . , V M ) of proper linear subspaces of P. We denote by P * the set of hyperplanes in P (dual projective space). Two maximal flags are called opposite if they are in generic position.
A finite subset p 1 , . . . , p M in P, with 2 ≤ M ≤ N , is generic if it is not contained in any linear subspace of dimension M − 2 of P. Then it is contained in a unique (M − 1)-dimensional linear subspace of P, which will be denoted by p 1 ⊕ · · · ⊕ p M . When M = 2, we will also denote p ⊕ q by pq. A frame of P is a generic N -tuple. A projective frame in P is a (N + 1)-tuple (p 0 , p 1 , . . . , p N ) of points in P in generic position, i.e. such that (p 0 , . . . , p i , . . . , p N ) is a frame in P (generic N -tuple) for all i.
If p is a point in P, we denote by P/p the set of lines through p, which is a projective space of dimension N − 2 for the induced structure, and proj p : q → pq the canonical projection from P − {p} to P/p (which is a morphism of projective spaces). If p is a point of P and H an hyperplane with p / ∈ H, then the projection proj p induces a canonical isomorphism proj Hp :
at p 1 is generic in P/p 1 (in particular the projection of a (projective) frame at one of its points is a (projective) frame). Note that the set of vertices of type N − 1 is then identified with the dual projective space P * .
In the algebraic case, that is when B is the spherical building of flags of some vector space V of dimension N over a field K, then P = P(V ).
A basic fact is that the frames F in P correspond to the apartments of B by F → flags(F).
Recall that, in (the geometric realization of modelled on (∂A, W ) of) a spherical building, any two points (resp. chambers) are contained in a common apartment, and that they are opposite if they are opposite in that apartment, that is, for two points ξ, ξ , if and only if (ξ, ξ ) = π for the canonical metric on B. Note that p ∈ P and H ∈ P * are opposite if and only if (p, H) = π, if and only if p / ∈ H. Two chambers are opposite if and only if they are opposite as maximal flags in P. In particular, in the type A 2 case, two chambers 
The residue St(p) of a point p in P, i.e. the set of flags of P containing p, identifies canonically with the flag building flags(P/p) of P/p by the map
1.4. Euclidean buildings. We refer for example to [Par99] for the definition and properties of (real) Euclidean buildings we use below (see also [Tits86] , [KlLe97] , [Rou09] ). From now on, X will denote a (not necessarily discrete) Euclidean building of type A N −1 . Recall that X is a CAT(0) metric space endowed with a (maximal) collection A of isometric embeddings f : A → X called marked apartments, or marked flats by analogy with Riemannian symmetric spaces, satisfying the following properties (A1) A is invariant by precomposition by W af f ; (A2) If f and f are two marked flats, then the transition map f −1 • f is in W af f ; (A3') Any two rays of X are initially contained in a common marked flat. The flats (resp. the Weyl chambers) of X are the images of A (resp. of C) by the marked flats.
Algebraic case. Let K be an ultrametric field, i.e. a field endowed with an ultrametric absolute value |·| (not necessarily discrete). When V is a finite N -dimensional vector space over K, we denote by X = X(V ) the Euclidean building associated with G = PGL(V ). We refer for example to [Par99] for the model of norms for X (see [GoIw63] , [BrTi84] ). To each basis v of V is then associated a marked flat 1.5. Spherical building and projective space at infinity. The CAT(0) boundary ∂ ∞ X of X is the geometric realization modeled on (∂A, W ) of a spherical building of type A N −1 (whose chambers are the boundaries of the Weyl chambers of X). It will be identified with the building of flags on the associated projective space P = P ∞ (X) (whose points are the vertices of type 1 of ∂ ∞ X). If c + and c − are opposite ideal chambers, then we denote by A(c − , c + ) the unique flat joining c − to c + in X. If F is a frame of P, then there is a unique flat A(F) containing F in its boundary.
1.6. Local spherical building and projective space at a point. Recall that, in Euclidean buildings, two (unit speed) geodesic segments issued from a common point x have zero angle if and only if they have same germ at x (i.e. coincide in a neighborhood of x). A direction at x ∈ X is a germ of nontrivial geodesic segment from x. A direction, geodesic segment, ray or line has a well-defined type (of direction) in ∂C, which is its canonical projection (through a marked flat) in ∂C. It is called singular or regular accordingly.
The space of directions at x of X is the quotient space of non trivial geodesic segments from x for this relation, with the induced angular metric, and is denoted by Σ x X. We denote by Σ x : X − {x} → Σ x X, y → Σ x y, the associated projection. Its extension to the boundary at infinity will also be denoted by Σ x : ∂ ∞ X → Σ x X, ξ → Σ x ξ and called the canonical projection.
The space of directions Σ x X inherits the structure of a spherical A N −1 -building, whose apartment are the germs Σ x A at x of the flats A of X passing through x, and whose chambers are the germs Σ x C at x of the Weyl chambers C of X with vertex x (see for example [Par99] ). The canonical projection Σ x : ∂ ∞ X → Σ x X sends chambers to chambers (and, more generally, simplices to simplices) and preserves the type (in ∂C) of points.
The local projective space P x = P x (X) at x is the projective space of dimension N − 1 associated with the spherical building Σ x X of type A N −1 (see §1.3). Its underlying set is the set of vertices of type 1 of Σ x X.
The canonical projection Σ x : ∂ ∞ X → Σ x X induces (by restriction to vertices) a surjective morphism (of projective spaces) Σ x : P → P x from the projective space at infinity P to the local projective space P x at x. Note that, in particular, if F is a frame of P, then x belongs to the associated flat A(F) if and only if Σ x (F) is a frame of P x . [MSVM14, §4] .) Let ξ be a vertex of ∂ ∞ X of type 1 or N − 1, i.e. either a point p in the projective plane at infinity P or a hyperplane H of P.
The transverse space X ξ at ξ may be defined, from the metric viewpoint (as in [Leeb00, 1.2.3]), as the quotient space of the set of all rays to ξ by the pseudodistance d ξ given by
We denote by π ξ : X → X ξ the canonical projection (which maps x to the class of the unique ray from x to ξ). The space X ξ is a Euclidean building of type A N −2 , whoses flats are the projections to X ξ of the flats of X passing by ξ.
In the algebraic case, i.e. when X = X(V ), the transverse space X H canonically identifies with the building X(H) of H, where H is seen as an hyperplane of V , and X p identifies with X(V /p), where p is seen as a 1-dimensional subspace of V .
The spherical building ∂ ∞ X ξ at infinity of X ξ identifies canonically with the residue St(ξ) of ξ. In particular, if p is a point in P, the projective space at infinity of X p identifies with P/p, and if H is an hyperplane of P, the projective space at infinity of X H identifies with H.
We now describe the canonical isomorphism
The union F ξ − ξ + of all geodesics joining ξ − to ξ − is a convex closed subspace and a subbuilding. We denote by
The restriction of the projection π ξ + to F ξ − ξ + is surjective and factorize through the projection on the first factor, inducing a canonical isomorphism of Euclidean buildings
It is easy to see that the map π ξ − ξ + extends to the boundaries at infinity of X ξ − and X ξ + by the canonical isomorphism of spherical buildings proj
1.8. The A-valued Busemann cocycle. Let c be a chamber at infinity of X. We may define the A-valued Busemann cocycle B c : X × X → A by the property B c (f (α), f (α )) = α − α for all marked flats f, f : A → X sending ∂C to c and very strongly asymptotic that is such that d(f (r(t)), f (r(t))) goes to zero when t → +∞ for one (all) regular ray r in C (which in Euclidean buildings is equivalent to: f = f on some subchamber α" + C). We clearly have
When dim A = 1, it coincides with the usual Busemann cocycle, which is defined for ξ ∈ ∂ ∞ X by
In type A 2 case, the simple root coordinates of A-valued Busemann cocycles may be determined by projecting in transverse trees at infinity, using the following relations (using the normalization of the metric).
We now turn to cross ratios.
1.9.
Cross ratio on the boundary of a tree. (See [Tits86, §7] , and for a more general setting [Otal92] , [Bou96] .) In this section, we suppose that X is a (metric) R-tree. Given three distinct ideal points ξ 1 , ξ 2 , ξ 3 in ∂ ∞ X, we denote by c(ξ 1 , ξ 2 , ξ 3 ) the center of the ideal triple ξ 1 , ξ 2 , ξ 3 , that is the unique common intersection point of the three geodesic lines joining two of the three points. Note that c(ξ 1 , ξ 2 , ξ 3 ) is the (orthogonal) projection of ξ 3 on the geodesic joining ξ 1 to ξ 2 . We denote by B ξ (x, y) the Busemann cocycle (see §1.8).
Define the cross ratio of four pairwise distinct
where ij is the length of the geodesic in X from ξ i to ξ j after removing disjoint fixed horoballs centered at each ξ k .
The cross ratio naturally extends to non generic quadruples that are nondegenerated, that is quadruples (ξ 1 , ξ 2 , ξ 3 , ξ 4 ) without triple point (i.e. any three of the points are not equal), which is equivalent to the following condition:
(1.2) (ξ 1 = ξ 4 and ξ 2 = ξ 3 ) or (ξ 1 = ξ 2 and ξ 3 = ξ 4 ) .
We then set
We now recall some basic properties that we will use. The cross ratio may be read inside the tree on the oriented geodesic from ξ 3 to ξ 1 , as the oriented distance − → xy from the center x of the ideal triple ξ 3 , ξ 1 , ξ 2 to the center y of the ideal triple ξ 3 , ξ 1 , ξ 4 :
The cocycle identity is
The cross ratio β is left unchanged by the double transpositions and changed to − β by (13) and (24). We now consider 3-cyclic permutations of the three last terms. We have
Moreover, the following ultrametricity property (specific to the case of trees) is easy to prove using (1.3) (see [Tits86, §7, prop . 3]):
Note that (1.5) is equivalent (under (1.4)) to
which in the algebraic case follows from the symmetry properties of the cross ratio under 3-cyclic permutations (1.9).
1.10. Algebraic case: link with usual cross ratio. Suppose that X is the tree X(V ) associated with a 2-dimensional vector space V over an ultrametric field K (see Section 1.4). Then ∂ ∞ X identifies with the projective line P(V ). The usual cross ratio b on P(V ) of a nondegenerated quadruple of points (see (1.2)) is defined by (following the convention of [FoGo07] , and taking values in K ∪ {∞})
The cross ratio β defined in section 1.9 will then be called the geometric cross ratio, to distinguish it from b, which will be called the algebraic cross ratio. They are then related as follows: (a 1 , a 2 , a 3 , a 4 ) −1  b(a 1 , a 4 , a 2 , a 3 ) = − (1 + b(a 1 , a 2 , a 3 , a 4 ) ) −1 .
1.11.
Cross ratio on the boundary of an A 2 -Euclidean building. See [Tits86] . Let X be a Euclidean building of type A 2 , and P the associated projective plane at infinity.
Let Tits86] ) is by definition their cross ratio as ideal points of the transverse tree X D . The cross ratio of a nondegenerated quadruple of lines in P passing through a common point p is similarly defined as their cross ratio as ideal points of the transverse tree X D .
The main new property is that perspectivities preserve cross ratio:
Proposition 3. Let p is a point of P and D is a line of P with
(1.10)
Proof. The perspectivity proj pD comes from the canonical isometry π pD : X D → X p between the associated transverse trees (see 1.7), which preserves the centers of ideal triples, i.e. for all pairwise distinct p 1 , p 2 , p 3 in D we have
It follows that proj pD preserves cross ratios.
so proj Dp preserves cross ratios.
Some basic ideal configurations
2.1. Extension of orthogonal projection to the boundary in general CAT(0) spaces. In this section, we study orthogonal projections of ideal points on a convex subset in general CAT(0) spaces. More precisely, we will need the following basic property: the usual orthogonal projection on a proper convex subset Y extends to the boundary outside the closed π 2 -neighborhood of ∂ ∞ Y for the Tits metric (note that the projection is no longer unique). This property is quite elementary but we did not see it in the classical litterature, so we include the proof. We refer to the standard reference book [BrHa99] for CAT(0) spaces. We denote by T its (ξ, η) the Tits angle between two ideal points. For A ⊂ ∂ ∞ X, let T its (ξ, A) = inf η∈A T its (ξ, η).
Proposition 4. Let Y be a convex subspace of a CAT(0) space X which is proper for the induced metric, and ξ a point in
Proof. Consider a sequence x n → ξ in X, and let y n be the projection of x n on Y . If (y n ) n∈N is not bounded then up to passing to a subsequence
. Thus (y n ) n∈N is bounded, hence, since Y is proper, it has a converging subsequence with limit point x.
2.2. Centers of generic (N + 1)-tuples. In this section, we show that the notion of center of ideal triples in trees extends in Euclidean buildings of type A N −1 , for generic (N + 1)-tuples of points (or hyperplanes) in the associated projective space at infinity (Proposition 6).
Let X be a Euclidean building of type A N −1 , and P be its projective space at infinity (i.e., the set of singular points of type 1 in ∂ ∞ X, see section 1). Recall (see section 1.2) that a projective frame in a projective space of dimension N − 1 is a generic (N + 1)-tuple of points.
We first observe that we have the (orthogonal) projection of a point of P on a flat exists under a simple necessary and sufficient condition (that is also valid in symmetric spaces of type A N −1 ). The analoguous property is also valid for points H ∈ P * . Proof. If p ∈ H for some hyperplane H in P * ∩ ∂ ∞ A, then p and H are in a common chamber of the spherical builing ∂ ∞ X, and, as the diameter d of the model spherical Weyl chamber ∂C is stricly less that π/2 (for the angle metric), we have T its (p, H) < π/2, hence the projection do not exist. Else, for every hyperplane H in P * ∩ ∂ ∞ A, we have p / ∈ H, hence T its (p, H) = π, which implies that since T its (p, η) ≥ π − d > π/2 for all η ∈ ∂ ∞ A, and the projection exist by Proposition 4.
We now suppose that X is a Euclidean building. Figure 4 .
The center x ∈ X of a projective frame (p 1 , p 2 , p 3 , p 4 ) (for N = 3).
Proof. The existence of x (as a projection of p 0 on A 0 ) is ensured by Prop.
5.
For i = j, denote by H ij the hyperplane ⊕ k =i,j p k in the projective space P. Let x ∈ X. Conditions (iii) and (i) are equivalent (see Section 1.6).
We first show the implication (i) ⇒ (ii): Fix i and H ∈ P * in ∂ ∞ A i . The opposite of H in ∂ ∞ A i is some p j . Then H = H ij , so H is also the opposite of p i in the apartment ∂ ∞ A j . As x ∈ A j , we then have x (p i , H) = π. We now prove (ii) ⇒ (iii): First recall that for p ∈ P and H ∈ P * , we have x (p i , H) = π if and only if Σ x p / ∈ Σ x H in the projective space P x . So (ii) means that Σ x p i / ∈ Σ x H ij for all i = j. Let U i be the minimal linear subspace of the projective space
) is a frame, and (iii) follows by permuting the p i .
We now prove (ii) ⇒ (iv). Let i ∈ {0, . . . , N }. Let v ∈ Σ x A i . Let C ⊂ A i be a closed Weyl chamber with vertex x containing v. Let H ∈ P * be the singular point of type
Hence by type considerations we must have
So the equivalence of all assertions is proven. We now prove the uniqueness of x. Suppose that x is another point of X with the same properties, and x = x. We proved above that we have then x (p i , x ) > π 2 and x (p i , x) > π 2 , which is impossible. We now state some properties of centers of projective frames. Let F = (p 0 , p 1 , . . . , p N ) be a projective frame in P, and let x ∈ X be its center. Let A i = A(p 0 , . . . , p i , . . . , p N ) 
Proof. The inclusion S
If y is an interior point of S i , then in the local spherical building Σ y X at y, we have that Σ y p 0 ∈ Σ y A 0 . Moreover, y ∈ A i as previously observed, so Σ y p 0 is opposite to Σ y H i (in Σ y A i ). Hence Σ y p 0 is equal to the opposite of Σ y H i in Σ y A 0 , which is Σ y p i , proving (i).
We now prove (ii): In P y , the points (
We finish by proving the remaining inclusion
The S i clearly form a partition of A 0 . So it is enough to prove that that A 0 ∩ A i does not meet the interior of S j for j = i. Else, at such a point y, by (i), we would have Σ y p 0 = Σ y p j , which is not opposite to Σ y H i , providing a contradiction.
The following Proposition shows that the notion of center of projective frames behaves well with respect to projections to transverse spaces at infinity.
Proposition 8. For each i, the projection of x in the transverse building at infinity X p i is the center of the projective frame of ∂ ∞ X p i formed by the projections proj
Proof. For all j = i, the ray from x to p i is in the flat A j hence its projection π p i (x) in the transverse building X p i is in π p i (A j ), which is the flat defined by the frame proj
In the algebraic case, i.e. when X is the Euclidean buiding X(V ) associated with some vector space V of dimension N over an ultrametric field K, we have the following characterisation of the center as a norm on V . F = (p 0 , p 1 , . . . , p N ) be a projective frame in P = P(V ). 
Proposition 9. Let

The center of F is the norm η on V canonically associated to any basis
Proof. Projecting on the transverse tree X p 1 in direction p 1 , we have
by (1.1). Since the projections of x and y on the tree X p 1 are the respective centers of the ideal triples (p 1 p 2 , p 1 p 3 , p 1 p) and (p 1 p 2 , p 1 p 3 , p 1 q) (Proposition 8), we have
The remaining assertions follow by applying cyclic permutation, since
The analogous dual result holds for projections of two lines (exchanging the roles of points and lines in P). And for the projections of a point and a line, we have the following result. 
Proof. The projection of x on the transverse tree X p − is the center of the ideal triple (
, and the projection of x * on the tree X D + is the center of the ideal triple
As x lies on a geodesic from p − to D + , we have
by (1.13). Then projecting on the transverse tree X D + we have
as needed. The remaining assertions have identical proofs.
Triple ratio of a triple of ideal chambers
In this section, we introduce the (geometric) triple ratio of a nondegenerated triple of ideal chambers in a a real Euclidean building X of type A 2 , establish its basic properties, and the links with the usual K-valued (algebraic) triple ratio of triples of flags (see e.g. [FoGo07] ) in the algebraic case P = P(K 3 ).
We first precise the notions of nondegenerated and generic triples of flags in an arbitrary projective plane P.
3.1. Nondegenerated triples of flags. Let P be a projective plane and
The natural nondegeneracy condition on the triple (F 1 , F 2 , F 3 ) for the triple ratios to be well defined is the following:
This condition is clearly equivalent to: the points are pairwise distinct, the lines are pairwise distinct, none of the points is on the three lines (i.e. D i ∩ D j = p k for all {i, j, k} = {1, 2, 3}) and none of the lines contains the three points (i.e. p i p j = D k for all i, j, k). We will then say that the triple (F 1 , F 2 , F 3 ) is nondegenerated.
It is easy to check that the triple T defines then a nondegenerated quadruple of well-defined lines
and a nondegenerated quadruple of well-defined points
The triple of flags T = (F 1 , F 2 , F 3 ) is generic if the flags F i = (p i , D i ) are pairwise opposite, the points (p i ) i are not collinear and the lines (D i ) i are not concurrent. In particular, T is then nondegenerated, and the induced quadruples of points on each line (resp. of lines through each point) are generic (pairwise distinct).
3.2. Algebraic triple ratio. When P = P(K 3 ) is the projective plane associated with an arbitrary field K, the algebraic triple ratio of a nondegenerated triple of flags T = (F 1 , F 2 , F 3 ) (see section 3.1) , with values in K∪{∞}, is defined by (see [FoGo06, §9.4 
wherep i is any vector in K 3 representing p i andD i is any linear form in (K 3 ) * representing D i , and
It is invariant under cyclic permutation of the flags and inversed by reversing the order
It may be expressed as the following cross ratio
3.3. Geometric triple ratio. We suppose now that the projective plane P is the projective plane at infinity of some a real Euclidean building X of type A 2 . Let β be the associated geometric cross ratio on P (see section 1.11). Let T = (F 1 , F 2 , F 3 ) be a nondegenerated triple of ideal chambers of X, i.e. a nondegenerated triple of flags
We define the geometric triple ratio of T , by analogy of the algebraic triple ratio expressed as a cross ratio (3.1), as the following triple of geometric cross ratios in P, obtained from the induced quadruple of lines D 1 , p 1 p 2 , p 1 p 23 , p 1 p 3 at p 1 by cyclic permutation of the three last one.
Note these cross ratios are well defined, since the four lines D 1 , p 1 p 2 , p 1 p 23 , p 1 p 3 are well defined and form a nondegenerated quadruple (see section 3.1 above). The geometric triple ratio of T is tri(T ) = (tri m (T )) m=1,2,3 in R 3 .
The following proposition gathers the properties of the geometric triple ratio.
Proposition 13. The following hold. (i) The geometric triple ratio is invariant by cyclic permutations of the flags, i.e. for
(ii) Exchanging two flags, we have
Proof. Assertions (iii) and (iv) follow immediately from the properties of the cross ratio β under cyclic permutation of the three last points (see (1.4) and (1.5)). Assertion (ii) follows immediately from the definition and from the symmetries of the cross ratio.
In order to prove the invariance of the triple ratio by cyclic permutation of the flags (i), a nice way is to introduce the natural dual invariants given by the cross ratios of the natural induced quadruple of points on the line D 1 (that is, exchanging the role of points and lines):
The following property is straigthforward.
We now show that the invariants behave nicely under duality.
Proof of Lemma 14. By invariance under perspectivities and double transpositions, we have
Applying cyclic permutation of the last three arguments to both sides of the equality
We now finally prove Assertion (i) of Proposition 13. Using Assertion (ii), Lemma 14 and (3.2), we have
The case where m = 3 is similar to the case m = 2.
3.4. Geometric triple ratio from algebraic triple ratio. When P is the projective plane on some field K endowed with some ultrametric absolute value, and β = log |b| where b is the usual K-valued cross ratio on P, the three geometric triple ratios tri m (T ), m = 1, 2, 3 of T are obtained from the single algebraic triple ratio Z = Tri(T ) of T by the following relations (3.3) tri 1 (T ) = log |Z| tri 2 (T ) = log 1 1+Z = − log |1 + Z| tri 3 (T ) = log 1 + Z −1 , which are easily derived from the expression of algebraic triple ratio as a cross ratio (3.1) and from the symmetry properties of the algebraic cross ratio (1.9).
Remark 15. Note that the geometric invariants do not determine the triple of flags up to automorphisms of P (unlike the usual (algebraic) triple ratio): for example in the algebraic case P = P(K 3 ), take T with triple ratio Z ∈ K with |Z| > 1 and T with triple ratio Z = Za where a ∈ K with |a| = 1 and a = 1. Then T and T are not in the same PGL(K 3 )-orbit, but have the same three geometric invariants, as tri 1 (T ) = log |Z| = tri 1 (T ), tri 2 (T ) = − log |Z| = tri 2 (T ), tri 3 (T ) = 0 = tri 3 (T ).
Proof of the main result
In this section, we study the geometry in an A 2 -Euclidean building X of a generic triple of ideal chambers, and prove Theorems 1 and 2. From now on, we suppose that T = (F 1 , F 2 , F 3 ) is a generic triple of flags in the projective plane P at infinity of X. We denote by z m = tri m (F 1 , F 2 , F 3 ), m = 1, 2, 3, its geometric triple ratio. Recall that 
In particular y * k is on one of the three singular rays of type 1 issued from y k (i.e the rays to p i , p j and p ij ).
Proof. As y k and y * k are the respective projections on the flat A ij of p k and D k , by Proposition 12 and cyclic invariance of the geometric triple ratio, we have
. Assertion (ii) follows, since we have then z m−1 = 0 and z m+1 = −z m by ultrametricity of the geometric triple ratio (Proposition 13(iv)).
We now describe the intersections of A ij with the four other flats (see figures 1 and 2 in the introduction). 
(ii) The intersection A ij ∩ A D is the sector at y * k bounded by the rays to 
. 
(iv) The intersection
. . This is the subset of x ∈ A ij satisfying:
Proof.
and ϕ 3 (x) ≤ ϕ 3 (y k ). Similarly As y * k is the center of the projective frame 
proving that ϕ 2 ( − − → y 3 y 1 ) = z 1 . Applying this to the permuted triple (F 3 , F 1 , F 2 ), we obtain ϕ 1 ( − − → y 2 y 3 ) = z 1 (by invariance of the geometric triple ratio z 1 by cyclic permutation). Assertion (ii) follows Assertion (ii), applying cyclic permutations.
We now describe the intersections of A p with the other flats, see figure 5. In the case z 1 ≤ 0. In the case z 1 ≤ 0. 4.5. Classification. We now combine the previous results to establish the classification in two geometric types, finishing to prove Theorems 1 and 2.
Proposition 20. Let
Proof of Theorem 1. Let x = y 3 and x * = y * 3 . We identify the flat A 12 with the model flat A by a marked flat sending ∂C to F 2 , and 0 to y * 3 . By proposition 17 applied to the flat A 12 , we have ϕ 1 (y 3 ) = z 2 , ϕ 2 (y 3 ) = z 3 , and ϕ 3 (y 3 ) = z 1 . By proposition 17 applied to the flat A 12 , the intersection I = A 12 ∩ A 23 ∩ A 31 is the subset of y ∈ A 12 such that    0 ≤ ϕ 1 (y) ≤ ϕ 1 (y 3 ) = z 2 0 ≥ ϕ 2 (y) ≥ ϕ 2 (y 3 ) = z 3 max(ϕ 3 (y 3 ), 0) ≤ ϕ 3 (y) ≤ min(ϕ 3 (y 3 ), 0) .
In particular, if I is not empty, then z 1 = ϕ 3 (y 3 ) = 0.
Suppose from now on that z 1 = 0. Then z 2 ≥ 0 and z 3 = −z 2 by the ultrametricity of the geometric triple ratio (Proposition 13, (iv)). By the description above, I is then the subset of the line ϕ 3 = 0 (which contains y * 3 = 0 and y 3 ) consisting of the y such that 0 ≤ ϕ 1 (y) ≤ ϕ 1 (y 3 ) (since ϕ 2 (y) = −ϕ 1 (y) when ϕ 3 (y) = 0). Hence I is not empty and is the segment from 0 = y * 3 to y 3 i.e. Proof of Theorem 2. If z 2 > 0, then z 1 = 0 by the ultrametricity of the geometric triple ratio (Proposition 13(iv)), and A p ∩A D is empty by Theorem 1. Suppose now that z 2 ≤ 0. Since the case z 1 ≤ 0 reduces to the case z 1 ≥ 0 by exchanging F 2 and F 3 , it is enough to handle the case z 1 ≥ 0. Then z 3 = 0 and z 2 = −z 1 . Let x i = y i+2 for i ∈ Z/3Z. In A ij identified with A in such a way that y * k = 0, by Proposition 16 we have ϕ 1 (y k ) = z 2 = −z 1 ≤ 0, ϕ 2 (y k ) = z 3 = 0, hence ϕ 3 (y k ) = z 1 ≥ 0. By assertion (iv) of Proposition 17, A ij ∩ A ik is the set of x ∈ A ij A such that ϕ 1 (x) ≤ ϕ 1 (y k ), ϕ 2 (x) ≤ 0 = ϕ 2 (y k ) and ϕ 3 (x) ≥ max(ϕ 3 (y k ), 0) = ϕ 3 (y k ). This is the Weyl chamber y k − C, i.e. the Weyl chamber from y k = x i to F i . Similarly, A ij ∩ A jk is the Weyl chamber from y * k to F j . Applying a cyclic permutation (ijk), i.e. working in the flat A jk , we also similarly get that A ij ∩ A jk is the Weyl chamber from y i to 
